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Turbulence is a challenging feature common to a
wide range of complex phenomena. Random fi-
bre lasers are a special class of lasers in which
the feedback arises from multiple scattering in
a one-dimensional disordered cavity-less medium.
Here, we report on statistical signatures of turbu-
lence in the distribution of intensity fluctuations
in a continuous-wave-pumped erbium-based ran-
dom fibre laser, with random Bragg grating scat-
terers. The distribution of intensity fluctuations
in an extensive data set exhibits three qualita-
tively distinct behaviours: a Gaussian regime be-
low threshold, a mixture of two distributions with
exponentially decaying tails near the threshold,
and a mixture of distributions with stretched-
exponential tails above threshold. All distribu-
tions are well described by a hierarchical stochas-
tic model that incorporates Kolmogorov’s the-
ory of turbulence, which includes energy cascade
and the intermittence phenomenon. Our findings
have implications for explaining the remarkably
challenging turbulent behaviour in photonics, us-
ing a random fibre laser as the experimental plat-
form.
The phenomenon of turbulence manifests itself in a
myriad of natural events, such as atmospheric, oceanic,
and biological [1–4], as well as man-made systems in-
cluding fibre lasers [5, 6], Bose-Einstein condensates [7],
nonlinear optics [8], and integrable systems and soli-
tons [9, 10]. In a broader context, turbulence theory has
been used to explain financial market features [11, 12].
In particular, atmospheric turbulence impacts on optical
communications, in which encoding of information in or-
bital angular momentum has been employed as a form
of mitigation, in a context where Kolmogorov turbulence
plays a relevant role [13].
Random lasers, predicted in the late 1960’s [14], were
unambiguously demonstrated in 1994 [15], and since
then they have been thoroughly characterized in a di-
versity of systems, for example biological materials [16],
cold atoms [17], rare-earth-doped nanocrystals [18], and
plasmonic-based nanorod metamaterials [19]. Among
the applications, their use as speckle-free sources for
imaging [20] and chemical identification [21] are some
of the most promising reported so far. Random fibre
lasers, on the other hand, were first demonstrated in 2007
as a quasi-one-dimensional random laser, using a pho-
tonic crystal fibre [22]. Several advances in random fibre
lasers have been exploited lately, particularly in conven-
tional optical fibres [23], including applications in optical
telecommunications and temperature sensing.
In contrast to both conventional and fibre lasers, where
the feedback providing gain amplification is mediated by
a closed cavity formed by mirrors or fibre Bragg reflec-
tors [24, 25], the optical feedback in random lasers and
random fibre lasers arises from the multiple scattering
of photons in a disordered medium, therefore forming
an open complex disordered nonlinear system, in which
light propagation occurs in the presence of gain, leading
to laser emission [26, 27].
Recently, both random lasers and random fibre lasers
have been shown to play a major role as platforms
for multidisciplinary demonstrations and analogies with
physical systems otherwise unavailable in the laboratory
environment. Examples include astrophysical lasers [17]
and statistical physics phenomena, such as Le´vy statis-
tics behaviour of intensity fluctuations [28, 29], extreme
events [30, 31], and spin-glass analogy through the ob-
servation of the replica-symmetry-breaking phase tran-
sition [32–38]. In a recent report, Churkin and co-
workers [39] described an approach to analyze the results
of [31] based on a modified wave kinetic model directly
related to the wave turbulence scenario. More recently, a
direct observation of turbulent transitions in propagating
optical waves was reported [40].
In this work, we employ a theoretical framework, based
on a multiscale approach to hierarchical complex sys-
tems, to explain the experimentally identified turbu-
lent emission in the erbium-based RFL (Er-RFL) with
continuous-wave (cw) pump. Turbulent behaviour in a
random fibre laser is clearly demonstrated for the first
time to occur both near and above the laser threshold
transition. We show that the interplay of nonlinearity
and disorder is essential to induce photonic turbulence
in the distribution of intensity fluctuations in the ran-
dom laser phase of Er-RFL. In this system, the nonlinear-
2ity arises from the process of single-photon induced non-
linear absorption, whose microscopic origin stems from
the electronic levels of the erbium ions. On the other
hand, the disorder is provided by the random fibre grat-
ings inscribed in the doped fibre. In the turbulent emis-
sion regime, the theoretical description is possible only
through a superposition or mixture of statistics that
arises from a hierarchical stochastic model for the multi-
scale fluctuations.
Results
Theoretical framework. A remarkable aspect of ran-
dom lasers and random fibre lasers is the strong inten-
sity fluctuations in the emission spectra, accompanied by
non-trivial temporal correlations in the time series of in-
tensity measurements, which result from the interplay be-
tween amplification, nonlinearity, and disorder. Indeed,
these ingredients have been shown to be essential to pro-
mote the observed shift from the Gaussian to a Le´vy-like
statistics of output intensities in the Er-RFL system [35].
The complex behaviour of random lasers and random
fibre lasers has also been recently accounted for in a sta-
tistical physics approach that establishes a formal cor-
respondence between these photonic systems and dis-
ordered magnetic spin glasses [32–34, 41]. By starting
from the Langevin dynamics equations for the ampli-
tudes of the normal modes, a photonic Hamiltonian was
obtained, which is an analogue of a class of disordered
spin models. Besides the linear terms associated with
the gain and radiation loss, as well as to an eventual ef-
fective damping contribution due to the cavity leakage,
the Langevin equations also include a nonlinear term re-
lated to the χ(3)-susceptibility. The influence of the dis-
order mechanism manifests itself in the spatially inho-
mogeneous refractive index by its modulation through
the χ(3)-susceptibility and non-uniform distribution of
the gain with a random spatial profile. A rich photonic
phase diagram thus emerges [32–34] as a function of the
input excitation power (analogue to the inverse tempera-
ture in spin models), degree of nonlinearity, and disorder
strength, which tends to hamper the synchronous oscil-
lation of the modes. In particular, in the Er-RFL sys-
tem, the photonic replica-symmetry-breaking spin-glass
transition was shown to coincide with the Gaussian-to-
Le´vy statistics shift in the distribution of output in-
tensities [35, 36]. More generally, in analogy to what
happens in spin glasses, replica symmetry breaking has
been shown to occur [32–38] in random lasing media,
such as random lasers and random fibre lasers, which
respond non-uniquely to each measurement performed
under identical but time-lapsed conditions. Thus, these
systems demonstrate a transition from a smooth emis-
sion below threshold, which fits a Gaussian distribution,
to a Le´vy statistical regime just above threshold, with
strong intensity fluctuations. Hence, random lasers and
random fibre lasers constitute ideal platforms to study
the dynamical photonic response under changing condi-
tions, in which a rich variety of phenomenon from chaotic
behaviour to turbulence is predicted.
The introduction of nonlinearities can also give rise
to wave turbulence. In [42] the authors found turbu-
lent emission in quasi-cw Raman fibre lasers in the ab-
sence of any form of built-in disorder, which was mod-
elled by a complex Ginzburg-Landau equation. Here, we
employ, instead, a statistical approach to describe the
non-Gaussian behaviour of the time series of intensity
increments in Er-RFL, in which disorder is present in
the form of customized random Bragg grating scatterers.
Our starting point is a dynamical hierarchical model
recently proposed [43, 44] to accommodate, through sim-
ple physical requirements, the basic concepts of Kol-
mogorov’s statistical approach to turbulence: energy cas-
cade, whereby energy is transferred from large to small
scales, and the phenomenon of intermittency, which is
the tendency of the distribution of velocity differences
between two points in the fluid to develop long non-
Gaussian tails. In Kolmogorov’s theory, one surmises
that at large Reynold’s number big eddies are created
spontaneously, which, because of large inertia effects,
must decay into smaller eddies, in a cascade of events
that go all the way down to the smallest scale, where all
eddies disappear through viscous dissipation [45]. In this
view, intermittency is then caused by fluctuations in the
energy transfer rates or energy fluxes between adjacent
scales, because otherwise (that is, if the energy fluxes
were constant) the fluid velocity fluctuations would dis-
play regular Gaussian statistics. This hierarchical model
of intermittency in turbulence [43, 44] will be applied be-
low to describe non-Gaussian fluctuations in the emission
intensity of Er-RFL.
By employing the cw-pumped Er-RFL system, we ac-
quired a rather large number (150,000) of successive opti-
cal spectra for each value of the excitation power P , with
a τ=100 ms wide integration time window. Figures 1(a),
(b), and (c) display representative samples of 500 emis-
sion spectra for each excitation power, respectively in the
regimes below (P/Pth = 0.72), near (P/Pth = 0.99), and
above threshold (P/Pth = 2.92), where the power thresh-
old, Pth = 16.30 mW, was measured from the FWHM
analysis (see Methods). We determined the maximum
intensity in each spectrum of the whole data set and thus
obtained a long time series of fluctuating intensity val-
ues I(t), with the dimensionless time index t = 1, 2, ...,
150,000, which is illustrated in Figs. 1(d), (e), and (f)
for the respective values of P/Pth. It is clear from these
plots that there is a dramatic change in the fluctuation
pattern of I(t) as the excitation power crosses the thresh-
old. In fact, we shall see below that this transition actu-
ally marks the onset of turbulent emission in the Er-RFL
system.
In analogy to fluid turbulence, where the relevant sta-
tistical quantities are velocity increments between two
points (rather than the velocities themselves), we shall
analyze here the intensity increments, δI(t) ≡ I(t +
1) − I(t), between successive optical spectra. More
specifically, we define the signal associated with the in-
3FIG. 1: Emission spectra and time series of maximum intensities in Er-RFL. (a)-(c) Representative samples showing
500 successive emission spectra at each excitation power P (normalized by the threshold value Pth) below [(a) P/Pth = 0.72],
near [(b) P/Pth = 0.99], and above [(c) P/Pth = 2.92] the random laser threshold of Er-RFL. Intensities I are displayed in
arbitrary units as function of the wavelength λ. The portrayed spectra were collected at times tτ , with integration time window
τ = 100 ms and dimensionless index t = 1501, 1502, ..., 2000. (d)-(f) For each one of the 150,000 spectra in the whole data set,
the maximum intensity was recorded, resulting in the long time series I(t), with t = 1, 2, ..., 150,000, which is shown in (d),
(e), and (f) for the respective values of P/Pth.
tensity fluctuations as the stochastic process given by
x(t) ≡ δI(t). If nonlinearities are not relevant, as in the
prelasing regime, then the intensity increments are statis-
tically independent and the probability distribution P (x)
is a Gaussian.
On the other hand, as the excitation power is increased
beyond the threshold, we show below that dynamical
nonlinearities give rise to turbulent emission. This im-
plies that the Gaussian form of the signal distribution
remains valid only at a local level, acquiring a slowly
fluctuating variance ε along the time series. In this case,
we can still write its local distribution as a conditional
Gaussian P (x|ε) = exp (−x2/ 2ε)/√2πε, where the pa-
rameter ε characterizes the local equilibrium. The basic
hypothesis [46] underlying the statistical description of
turbulence is that the non-Gaussian global form of P (x)
can be obtained by compounding the local Gaussian with
a background distribution of variance fluctuations f(ε).
We thus have
P (x) =
∫
∞
0
P (x|ε)f(ε)dε, (1)
where the complex dynamics (intermittency) of the tur-
bulent state is captured by the density f(ε). We take f(ε)
from a stochastic model that incorporates Kolmogorov’s
hypothesis of turbulent cascades. It has been recently
shown [44] that there are two universality classes of such
models, which differ with respect to the asymptotic tails
of the signal distribution: one class has a power-law tail
and the other shows a stretched-exponential behaviour.
Here, we shall describe only the stretched-exponential
class, which generalizes the K-distribution usually em-
ployed in the description of wave scattering in a tur-
bulent medium [47, 48]. A complete presentation of
the two classes can be found elsewhere [44]. We note
in passing that the K-distribution is defined [47] by
p(x) = 2b(bx/2)ν+1Kν(bx)/Γ(1 + ν), where Kν(x) is the
modified Bessel function, Γ(ν) is the gamma function,
and b and ν are characteristic parameters. In particu-
lar, this distribution has exponential tails of the form
p(x) ∼ xν+ 12 exp(−bx), for x ≫ 1. The hierarchical dis-
tribution discussed below generalizes this behaviour to a
stretched-exponential tail.
Our approach is based on a hierarchical dynamical
model defined by the following set of stochastic differ-
ential equations,
dεi(t) = −γi (εi − εi−1) dt+ κi√εiεi−1dWi(t), (2)
for i = 1, . . . , N , where N denotes the number of relevant
fluctuation time scales in the background variables. Here,
εi represents the fluctuating parameters at the respective
scales in the hierarchy, ε0 is their long-term mean, γi and
κi are positive constants, and the Wi are independent
Wiener processes (that is, zero-mean Gaussian processes
with variance 〈dW 2i 〉 = dt). The first term in Eq. (2)
describes the deterministic coupling between adjacent
scales, which tends to cause a relaxation to the average
ε0, whilst the second term accounts for the multiplica-
tive noise and is the source of intermittency. The form
of the multiplicative noise is dictated by scale invariance
in the sense that a rescaling of variables εi → λεi should
leave the dynamics unchanged [44]. Solving the station-
ary Fokker-Planck equation associated with Eq. (2), one
finds that the stationary conditional probability distri-
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FIG. 2: Spectral density and turbulence in the intensity dynamics in Er-RFL. Log-log plots of the power spectral
density S(k) (in arbitrary units) of the time series of maximum intensities as function of the normalized frequency k. Results
are shown for the regimes of excitation power P (normalized by the threshold value Pth) (a) below (P/Pth = 0.72), (b)
near (P/Pth = 0.99), and (c) above (P/Pth = 2.92) the threshold. Solid lines are power-law fits, S(k) ∼ k
−α, to the
experimental data depicted in blue circles. In (a), the white noise (horizontal red line with exponent α = 0) is consistent
with statistically-independent non-turbulent Gaussian intensity fluctuations below threshold. The non-trivial double power-
law behaviour, indicated by red and green lines in (b) and (c), suggests the existence of turbulence in the Er-RFL dynamics
both near and above the threshold. The green lines in (b) and (c) are associated with the exponents α = 1.17 and α = 1.04,
respectively. The red lines in (b) and (c) are associated with the exponents α = 1.84 and α = 3.01, respectively.
bution f(εi|εi−1) is given by a gamma density,
f(εi|εi−1) = (βi/εi−1)
βi
Γ(βi)
εβi−1i e
−βiεi/εi−1 , (3)
with βi = 2γi/κ
2
i . In the regime of large separation of
time scales, that is, in the case γN ≫ γN−1 ≫ . . .≫ γ1,
we thus find that the density fN(εN ) at the shortest scale
is
fN (εN ) =
∫
dεN−1 . . .
∫
dε1f(εN |εN−1) . . . f(ε1|ε0),
(4)
where f(εi|εi−1) is given by Eq. (3). It can be shown
that this multiple integral has a simple representation in
terms of a special transcendental function, namely the
Meijer G-function [49],
fN (εN ) =
ω
ε0Γ(β)
GN,00,N
( −
β − 1
∣∣∣∣ωεNε0
)
, (5)
where ω =
∏N
j=1 βj and we have introduced the vector
notation β ≡ (β1, . . . , βN) and Γ(a) ≡
∏N
j=1 Γ(aj). Since
the first lower index of the Meijer G-function in Eq. (5)
is null, the parameters in the top row are not present, as
indicated by the dash [49].
The compound integral (1) for the signal distribution
can thus be written as
PN (x) =
1√
2π
∫
∞
0
exp
(
− x
2
2εN
)
ε
−1/2
N fN (εN )dεN , (6)
where fN(εN ) is given by Eq. (5). Using a convolution
property of the G-function [49], this integral can be per-
formed explicitly, yielding
PN (x) =
ω1/2√
2πε0Γ(β)
GN+1,00,N+1
( −
β − 1/2, 0
∣∣∣∣ωx
2
2ε0
)
. (7)
As anticipated above, for N = 1 this expression recov-
ers the K-distribution. The large-x asymptotic limit of
Eq. (7) is a modified stretched exponential [44],
PN (x) ∼ x2θexp
[
−(N + 1)(ωx2/2ε0)1/(N+1)
]
, (8)
where θ = (
∑N
i=1 βi −N)/(N + 1).
Finally, a more general family of distributions can be
obtained when the data contain some internal structure
that could lead to the presence of clusters of statistically
independent samples. In this case, we may decompose
PN (x) as a discrete statistical mixture of multiscale dis-
tributions,
PN (x) =
n∑
j=1
pjP
(j)
N (x), (9)
where the statistical weights pj satisfy
∑n
j=1 pj = 1 and
P
(j)
N (x) is obtained from Eq. (7). This form of discrete
statistical mixture has found applications, for example,
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FIG. 3: Gaussian distribution of intensity increments
and non-turbulent prelasing behaviour in Er-RFL.
Semi-log plot of the distribution P (x) of experimental in-
tensity increments x in the non-turbulent prelasing regime
at the excitation power (normalized by the threshold value)
P/Pth = 0.72 (blue circles) and best fit to a Gaussian func-
tion (red line). The intensity increments are defined as the
zero average and unit variance stochastic process given by
x(t) ≡ δI(t)/
√
var(δI(t)), where δI(t) ≡ I(t+1)−I(t) denotes
the fluctuations of maximum intensities in 150,000 successive
optical spectra and var(δI(t)) is the variance of the time series
of intensity increments. The inset displays the corresponding
time series of x(t) as function of the dimensionless time index
t = 1, 2, ..., 150,000.
in oceanic turbulence [50] and finance [51].
Experimental results. The Er-RFL fabrication along
with the fibre Bragg grating inscription is detailed in [52],
and the experimental setup is the same as reported in [35,
36] (see Methods).
As a first quantitative characterization of the experi-
mental time series I(t) of maximum intensities, shown in
Figs. 1(d)-(f), we calculated the power spectral density,
S(k) =
∣∣∣∣∣
L∑
n=1
In exp
(−2πi(n− 1)(k − 1)
L
)∣∣∣∣∣
2
, (10)
by subdividing the time series into 550 windows of size
L = 256, evaluating S(k) for each window and then per-
forming the average of S(k) over all windows. Here, In
denotes the n-th value of the intensity inside the window
and k/L is the dimensionless frequency. In Fig. 2 we show
log-log plots of S(k) for the three mentioned values of the
excitation power: (a) P/Pth = 0.72, (b) P/Pth = 0.99,
and (c) P/Pth = 2.92, corresponding, respectively, to
the regimes below, near, and above the threshold. The
lines are fits to the power-law behaviour S(k) ∼ k−α.
The white noise (α = 0) observed below threshold in
Fig. 2(a) is consistent with the statistically-independent
non-turbulent intensity fluctuations, displaying Gaus-
sian distributions for both intensities and intensity in-
crements.
In contrast, the non-trivial double power-law be-
haviour, noticed both near and above threshold in
Figs. 2(b) and 2(c), respectively, suggests the existence of
turbulence in the intensity fluctuations dynamics, which
is confirmed below. Such behaviour of S(k) is also con-
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FIG. 4: Statistical mixture of intensity increments and
turbulent behaviour near the threshold in Er-RFL.
(a) Semi-log plot of the distribution P (x) of experimen-
tal intensity increments x (blue circles) near the threshold,
at the excitation power (normalized by the threshold value)
P/Pth = 0.99, and the prediction from the hierarchical model
(2) for the statistical mixture (11) (red line). The individual
components of the mixture, given by twoK-distributions with
N = 1, are shown by green lines. The inset shows the cor-
responding time series of intensity increments. A single time
scale (N = 1) in the dynamics of the background variable
characterizes the turbulent behaviour of the intensity fluctu-
ations dynamics in Er-RFL near the threshold. (b) Log-log
plot of the density function f(ǫ) of the experimental variance
series ǫ(t) (blue circles) and the hierarchical model prediction
for the statistical mixture (12) (red line), with same param-
eters as in (a). The individual components of the statistical
mixture are shown by green lines. The inset displays the com-
pounding of ǫ(t) with a Gaussian function (red line) and the
experimental distribution (black circles).
sistent with the double cascade phenomenon observed in
the wave turbulence scenario [53].
In Fig. 3 we display the experimental distribution of
intensity increments below threshold, at P/Pth = 0.72.
The good Gaussian fit corroborates the results for the
prelasing regime in Fig. 2(a). The variance ε does not
fluctuate, corresponding to the density f(ε) given by a
Dirac delta function in the compound integral, Eq. (1).
Consequently, a multiscale turbulent cascade is absent
below threshold (N = 0 in the theoretical model), which
implies that the dynamics of intensity fluctuations in Er-
RFL produces intensity increments that are statistically
independent.
The scenario is drastically modified as the excitation
power is increased near and above the threshold. Indeed,
the excellent fit to the distribution of intensity increments
observed in Fig. 4(a) at P/Pth = 0.99 is described by the
statistical mixture,
PN (x) = pPN (β, ε0;x) + (1 − p)PN (β′, ε′0;x), (11)
where PN (β, ε0;x) is given by Eq. (7), with βj = β for
all j. The values of the parameters are N = 1 (K-
distribution), p = 0.94, β = 4.21, ǫ0 = 0.36, β
′ = 1.2,
ǫ′0 = 12.0. In this case, the statistical model predicts
a single time scale (N = 1) influencing the dynamics of
the background variable (that is, the fluctuating variance
of intensity increments), which in turn characterizes the
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FIG. 5: Statistical mixture and multiscale turbulent
behaviour above the threshold in Er-RFL. (a) Semi-
log plot of the distribution P (x) of experimental intensity
increments x (blue circles) in the regime well above thresh-
old, at the excitation power (normalized by the threshold
value) P/Pth = 2.92, and the prediction from the hierarchi-
cal model (2) for the statistical mixture (11) (red line). The
individual components of the mixture, given by two Meijer
G-distributions with N = 6, are shown by green lines. The
expected rise in the number of relevant time scales (N = 6)
upon increasing the excitation power is consistent with the
multiscale turbulent cascade behaviour of the intensity fluctu-
ations dynamics in Er-RFL above threshold. The inset shows
the corresponding time series of intensity increments. (b)
Log-log plot of the density function f(ǫ) of the experimental
variance series ǫ(t) (blue circles) and the hierarchical model
prediction for the statistical mixture (12) (red line), with same
parameters as in (a). The individual components of the sta-
tistical mixture are shown by green lines. The inset displays
the compounding of ǫ(t) with a Gaussian function (red line)
and the experimental distribution (black circles).
turbulent behaviour of the fluctuation dynamics of the
output intensity in Er-RFL near the threshold.
In order to verify the compound hypothesis expressed
in Eqs. (1) and (6), we implemented a procedure to
compute a subsidiary time series of variance estimators
ǫ(t). To this end, the time series x(t) of intensity incre-
ments was subdivided into overlapping intervals of size
M , and for each such interval we computed the vari-
ance estimator, ǫ(t) = 1M
∑M
j=1[x(t − j) − x¯(t)]2, where
x¯(t) = 1M
∑M
j=1 x(t− j) and t = M, ..., 150000, thus gen-
erating a new time series. Next, we numerically com-
pounded the distribution of ǫ(t) with a Gaussian func-
tion, as suggested by Eq. (6), for variousM , and selected
the value ofM for which the corresponding superposition
integral best fitted the distribution of the original time
series. Excellent agreement for P (x) was found using
M = 15, as seen in the inset of Fig. 4(b). The optimal
value of M can be interpreted as an estimation of the
large time scale associated with fluctuations in the back-
ground variable ε. In the main plot of Fig. 4(b), we show
the good agreement between the distribution related to
the ǫ(t)-series generated using the optimal window size
M and the background density fN (εN ) with statistical
mixture,
fN(εN ) = pfN (β, ε0; εN ) + (1 − p)fN(β′, ε′0; εN ), (12)
where fN (β, ε0; εN) is given by Eq. (5), for the same pa-
rameters as in Fig. 4(a), as expected from the consistency
with the joint fit of statistical mixtures. The individual
components of the mixture are shown by green lines in
both Figs. 4(a) and 4(b).
Figure 5(a) shows the distribution of intensity incre-
ments well above the threshold, at P/Pth = 2.92. The
red line displays the fit to a statistical mixture in the form
of Eq. (11), with parameters N = 6, p = 0.30, β = 8.3,
ǫ0 = 0.19, β
′ = 6.5, ǫ′0 = 1.3. The background distribu-
tion is shown in Fig. 5(b), along with the fit (red line) to
the statistical mixture as in Eq. (12), with the same pa-
rameters. Excellent agreement is found in both fits. The
superposition of the distribution of the variance estima-
tor (M = 22) with a Gaussian distribution is depicted
by the red line in the inset of Fig. 5(b). The individual
components of the mixture are shown by green lines in
both Figs. 5(a) and 5(b). We observe that the changes
in the parameters β, β′, ǫ0, ǫ
′
0, and p at P/Pth = 2.92, in
comparison with the respective values near the threshold,
accommodate well the changes in the shapes of the ex-
perimental distributions for both x(t) and ε(t) caused by
an enhancement of the intermittency effect. For example,
the decrease in the weighting parameter p (from p = 0.94
at P/Pth = 0.99 to p = 0.30 at P/Pth = 2.92) indicates
an increase in the statistical relevance of the underlying
structure associated with the higher mean variance ε′0,
whose weight is (1 − p), which is reasonable since fluc-
tuations become stronger above the threshold. Similarly,
the observed value of N is also consistent with the ex-
pected rise in the number of relevant time scales upon
increasing the excitation power.
In this respect, we also notice that the emergence of
K-distributions in weak-scattering by continuous media,
such as sea clutter, has been attributed [54] to the modu-
lation of small-scale fluctuations by more slowly changing
large-scale structures, a scenario that is consistent with
our hierarchical model with a single time scale for the
background (N = 1). In Er-RFL near the threshold, a
similar mechanism may develop whereby large structures
consisting of groups of correlated scatterers may (inter-
mittently) form, thus yielding N = 1, as verified above.
Beyond the threshold, stronger nonlinearities may lead
to multiscale dynamics where small-scale intensity fluc-
tuations are modulated by larger scales which, in turn,
are modulated by even larger scales, and so on, up to the
largest scale in the system. This cascade-like behaviour
thus implies the existence of a number N > 1 of charac-
teristic scales—a view that is precisely captured by the
hierarchical model (2)— with N expected to grow as the
excitation power increases, provided there is no satura-
tion of the gain or the nonlinearity. We remark, however,
that although the existence of a turbulence hierarchy in
the Er-RFL system has been clearly identified from a sta-
tistical analysis of a large set of emission spectra, more
studies are necessary to develop a comprehensive under-
7standing of the underlying physical mechanisms.
Discussion
From the analysis above, we observe that in the
regimes near and above the threshold, where the roles
of disorder and nonlinearity are mostly evidenced in the
Er-RFL system, the theoretical description is possible
only through a mixture of statistics that arises from a
hierarchical stochastic model for the multiscale intensity
fluctuations, which is strictly related to the emergence of
Kolmogorov’s turbulence behaviour in the distribution of
intensity increments.
In this sense, the extensive size of the experimental
data set was proved essential to unveil the turbulent emis-
sion behaviour in Er-RFL. Indeed, from the discussion
above we infer that a significant analysis of the variance
fluctuations in the compound integral should require at
least ∼105 emission spectra.
We should however point out that discrete statistical
mixtures are usually associated with a partition of the
data into statistically independent subsets. In [50], for
instance, the probability density function of the dissi-
pation rate of kinetic energy in oceanic turbulence has
been found to be bimodal and well described by a mix-
ture of two log-normal distributions. In this case, the
authors speculate that the partition of the data was due
to a combination of an active mode and a quiescent one.
While we did not attempt to separate our experimental
data according to some identified mechanism responsi-
ble for the statistical mixtures observed both near and
above the threshold, we can infer from general grounds
that such mechanism could arise from a subtle combina-
tion of stimulated and spontaneous turbulent emissions
in the presence of both nonlinearity and disorder. A de-
tailed quantitative description of this particular issue is,
however, beyond the scope of the present study and will
be subject of a future investigation.
In conclusion, we reported on the first observation of
the statistical signatures of turbulent emission in a cw-
pumped one-dimensional random fibre laser, with cus-
tomized random Bragg grating scatterers. The distri-
bution of intensity increments in an extensive data set
exhibits three qualitatively different forms as the exci-
tation power is increased: it is Gaussian below thresh-
old, it behaves as a statistical mixture of K-distributions
near the threshold, and it is well described by a mixture
of Meijer G-distributions with a stretched-exponential
tail above threshold. A recently introduced hierarchical
stochastic model [43, 44], consistent with Kolmogorov’s
theory of turbulence, was used to interpret the experi-
mental data. It is also a striking fact that the emergence
of turbulence behaviour coincided precisely with the on-
set of the photonic replica-symmetry-breaking spin-glass
phase at the laser threshold in Er-RFL [35, 36]. In fact,
we observe that amplification, nonlinearity, and disorder
are the essential ingredients to induce both the photonic
glassiness and turbulent phenomena in this system. It re-
mains, however, rather elusive whether or not there exists
some strict interplay between these properties mediated
by the common underlying mechanisms. For instance,
though these ingredients also constitute the basis to the
glassy properties and Le´vy statistics of intensity fluctua-
tions that have been concurrently demonstrated [35–38]
in some random lasers and random fibre lasers, it has
been recently shown [55] that a rigorous connection be-
tween these features is not mandatory, so that there can
be circumstances in which, for example, a glassy phase
emerges along with a Gaussian statistics of intensity fluc-
tuations. We thus hope that our work stimulates this
unique opportunity to further investigate on these re-
markably challenging complex phenomena through con-
trolled photonic experiments in random lasers and ran-
dom fibre lasers.
Methods
Er-based random fibre laser. The Er-RFL fabri-
cation, including the fibre Bragg grating inscription, is
detailed in [52]. It employs a polarization maintain-
ing erbium-doped fibre from CorActive (peak absorption
28 dB/m at 1530 nm, NA = 0.25, mode field diameter
5.7 µm), in which a randomly distributed phase error
grating was written. Using this procedure, a very high
number of scatterers (≫ 103) was implemented, improv-
ing the fibre randomness. A fibre length of 30 cm was
used in the present work. The measured threshold from
the analysis of the full width at half maximum (FWHM)
was Pth = (16.30 ± 0.05) mW. The Er-RFL linewidth
was limited by our instrumental resolution to 0.1 nm.
We remark that the number of longitudinal modes in the
Er-RFL, measured using a speckle contrast technique,
is ∼204 [36]. This finding corroborates the multimode
character of the Er-RFL system.
Intensity measurements. For the intensity fluctua-
tions measurements, an extensive sequence of 150,000
emission spectra was collected for each excitation power
in the regimes below, near, and above threshold. A
home-assembled semiconductor laser operating in the
cw regime at 1480 nm was used as the pump source.
The Er-RFL output was directed to a 0.1 nm resolution
spectrometer with a liquid-N2 CCD camera sensitive at
1540 nm. The spectra for each power were acquired with
integration time τ = 100 ms. We stress that the intensity
fluctuations of the pump source, less than 5%, were not
correlated with the fluctuations analyzed here, as pointed
out in [31, 34] and also specifically in the present exper-
imental setup through the measurement of the normal-
ized standard deviation of both the pump laser and the
Er-RFL system. Indeed, while this quantity remained
constant in the former, it varied substantially in Er-RFL
(see ref. [35]).
Data availability. All relevant data are available from
the authors.
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